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In this paper, by the use of complete orthonormal sets of Ψα exponential-type
orbitals (Ψα-ETOs, α = 1, 0, −1, −2,. . . ), the series expansion formulas in line-up
coordinate systems are established for the overlap integrals with noninteger n∗ Slater-
type orbitals (NISTOs) in terms of overlap integrals over integer n Slater-type orbitals
(ISTOs). The suggested approach guarantees a highly accurate calculation of the nonin-
teger n∗ overlap integrals with arbitrary values of parameters. The results of computer
calculations presented are in a complete agreement with those obtained in the literature
using the alternative procedure.
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teger principal quantum numbers

1. Introduction

The calculation of overlap integrals over STOs is of fundamental impor-
tance in the development of ab initio and semi-empirical methods for the study
of the electronic structure and properties of molecular systems. The most existing
programs for overlap integrals over integer n STOs cannot be used in the case of
nonintegral values of n. However, it is well-known that the noninteger n STOs
provide a more flexible basis for molecular calculations than integer n STOs
[1–7]. Thus, it is of interest to develop the efficient (fast and accurate) algorithms
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for performing the computation of overlap integrals over non integer nth Slater-
type orbitals (NISTOs). Our aim in this work is to elaborate a general algorithm
for the calculation of overlap integrals over NISTOs using the complete ortho-
normal sets of Ψα-ETOs presented in [8].

2. Definition

The overlap integrals over NISTOs are defined as

Sn∗lm,n′∗l′m
(
ζ, ζ ′; �R

)
=

∫
χ∗

n∗lm (ζ, �ra)χn′∗l′m
(
ζ ′, �rb

)
dV. (1)

Here, the normalized NISTOs with nonintegral value of principal quantum num-
ber are determined as

χn∗lm (ζ, �r) = (2ζ )n
∗+ 1

2
[
Γ(2n∗ + 1)

]−1/2
rn∗−1e−ζ rSlm (θ, ϕ), (2)

where n∗ is a noninteger principal quantum number and Slm is a complex or real
spherical harmonic; ζ is the screening constant and Γ(x) is the gamma function
[9]. The normalized ISTOs can be obtained from equation (2) for n∗ = n where
n is an integer:

χnlm (ζ, �r) = (2ζ )n+ 1
2 [(2n)!]− 1

2 rn−1e−ζ rSlm (θ, ϕ). (3)

3. Series expansion relations in terms of overlap integrals over integer n STOs

With the calculation of overlap integrals over NISTOs, equation (1), we
shall require the formulas for the expansion of NISTOs in terms of integer n

Slater-type orbitals (ISTOs). For this purpose we utilize the one-center expansion
formulas for NISTOs in terms of ISTOs obtained with aid of complete ortho-
normal sets of Ψα exponential-type orbitals (Ψα-ETOs) [8]:

χn∗lm (ζ, �r) = lim
N→∞

N∑
µ=l+1

V αN
n∗l,µl (t)χµlm

(
ζ ′, �r), (4)

where α = 1, 0, −1, −2,. . . and t = (ζ − ζ ′)/(ζ + ζ ′). Here, the expansion coeffi-
cients V αN are determined as follows:

V αN
n∗l,n′l(t) =

N∑
µ=l+1

Ω
αl
n′µ(N)

Γ(n∗ + µ − α + 1)

[Γ(2n∗ + 1)Γ(2µ − 2α + 1)]1/2

×(1 + t)n
∗+ 1

2 (1 − t)µ−α+ 1
2 , (5)
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Ω
αl
nκ (N) =

[ [2(k − α)]!
(2κ)!

]1/2 N∑
µ=max(n,κ)

(2µ)αωαl
µnω

αl
µκ, (6)

ωαl
nµ = (−1)µ−l−1

[
(µ + l + 1)!

(2n)α(µ + l + 1 − α)!Fµ+l+1−α(n + l + 1 − α)

×Fµ−l−1(n − l − 1)Fµ−l−1(2µ)

]1/2

. (7)

We notice that in the case of integer values of n∗ (n∗ = n) the coefficients
V αN

n∗l,µl(t) f or t = 0 are reduced to the Kronecker symbol, i.e.,

V αN
n∗l,µl(0) = δnµδnN . (8)

In order to evaluate the integral (1) we use equation (4) for the one-center
expansion of NISTOs in terms of ISTOs. Then, it is easy to obtain the following
expressions through the overlap integrals over ISTOs with the same and different
screening constants, respectively:

Sn∗lm,n′∗l′m (p, t) = lim
N,N ′→∞

N∑
µ=l+1

N ′∑
µ′=l′+1

V αN
n∗l,µl(t)V

αN ′
n′∗l′,µ′l′Sµlm,µ′l′m

(
p′, 0

)
, (9)

Sn∗lm,n′∗l′m (p, t) = lim
N,N ′→∞

N∑
µ=l+1

N ′∑
µ′=l′+1

V αN
n∗l,µlV

αN ′
n′∗l′,µ′l′Sµlm,µ′l′m (p, t), (10)

where p = R
2 (ζ +ζ ′), p′ = Rζ ′, V αN

n∗l,µl ≡ V αN
n∗l,µl(0), Sn∗lm,n′∗l′m (p, t) ≡ Sn∗lm,n′∗l′m(

ζ, ζ ′; R
)
, and Snlm,n′l′m (p, t) ≡ Snlm,n′l′m

(
ζ, ζ ′; R

)
. The overlap integrals

Snlm,n′l′m (p, t) between the normalized ISTOs occurring in equations (9) and
(10) are defined as

Snlm,n′l′m (p, t) =
∫

χ∗
nlm (ζ, �ra)χn′l′m

(
ζ ′, �rb

)
dV. (11)

For the calculation of overlap integrals over ISTOs, equation (11), in our
previous works [10, 11] the sets of recurrence relations and analytical formulas
were presented. This algorithm is especially useful for the computation of over-
lap integrals for large quantum numbers of ISTOs appearing in the series expan-
sion formulas for the multicenter multielectron molecular integrals.

The overlap integrals with NISTOs, equations (9) and (10), can be calcula-
ted by the use of computer programs for the overlap integrals over ISTOs pre-
sented in [10–13].
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Table 2
Convergence of the series expansion relations for overlap integrals over NISTOs as a function

of summation limits for N = N ′.
N Equation (9) for S5.711,3.811 (2.38, 4/17) Equation (10) for S13.276,11.576 (0.06, 0.1)

11 0.8668894475103913 0.9840682484939571
12 0.866889464207532 0.9840407293306768
13 0.8668894874545716 0.9840401363432201
14 0.8668895007016616 0.9840401350076602
15 0.8668895055602754 0.9840401363152588
16 0.8668895066908764 0.9840401364339384
17 0.8668895066998231 0.9840401364384664

4. Numerical results and discussion

In this study, we proposed a new technique for the efficient computation
of overlap integrals with noninteger n∗ STOs, based on the usage of complete
sets of Ψα-ETOs. An analysis of the numerical aspects and several numerical
tests confirmed that the convergence and the numerical stability of the relevant
formulas are guaranteed. Besides having an excellent convergence rate, the pro-
posed method is perfectly general, valid for arbitrary values of quantum num-
bers, screening constants and internuclear distances. On the basis of formulae
(9) and (10) we constructed a program for the computation of overlap integrals
over NISTOs using Turbo Pascal 7.0 language and Mathematica 5.0 internatio-
nal mathematical software. One can determine the accuracy of computer results
obtained in this work for the overlap integrals over NISTOs using different sets
of Ψα-ETOs. The examples of computer calculation for the overlap integrals over
NISTOs are shown in table 1. As can be seen from table 1 that the calculated
values of overlap integrals over NISTOs for α = 1, 0, −1 show a good rate of
convergence with the literature for the arbitrary values of parameters. Greater
accuracy is attainable by the use of more terms in the series expansion formu-
las (9) and (10). The better accuracies can be obtained, if required, by the use
of large number of summation terms.

Table 2 lists partial summations corresponding to progressively increasing
upper summation limits of equations (9) and (10) for N = N ′. We see from
table 2 that the equations (9) and (10) display the most rapid convergence to the
numerical result, with eleven digits stable and correct by the 17th terms in the
infinite summations.
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