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In this paper, by the use of complete orthonormal sets of W exponential-type
orbitals (WV*-ETOs, « = 1,0, —1,—=2,...), the series expansion formulas in line-up
coordinate systems are established for the overlap integrals with noninteger n* Slater-
type orbitals (NISTOs) in terms of overlap integrals over integer n Slater-type orbitals
(ISTOs). The suggested approach guarantees a highly accurate calculation of the nonin-
teger n* overlap integrals with arbitrary values of parameters. The results of computer
calculations presented are in a complete agreement with those obtained in the literature
using the alternative procedure.
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1. Introduction

The calculation of overlap integrals over STOs is of fundamental impor-
tance in the development of ab initio and semi-empirical methods for the study
of the electronic structure and properties of molecular systems. The most existing
programs for overlap integrals over integer n STOs cannot be used in the case of
nonintegral values of n. However, it is well-known that the noninteger n STOs
provide a more flexible basis for molecular calculations than integer n STOs
[1-7]. Thus, it is of interest to develop the efficient (fast and accurate) algorithms

* Corresponding author.

1527

0259-9791/08,/0005-1527/0 © 2007 Springer Science+Business Media, LLC



1528 LI Guseinov and B.A. Mamedov | Slater type orbitals with noninteger principal quantum numbers

for performing the computation of overlap integrals over non integer n'" Slater-
type orbitals (NISTOs). Our aim in this work is to elaborate a general algorithm
for the calculation of overlap integrals over NISTOs using the complete ortho-
normal sets of ¥*-ETOs presented in [§].

2. Definition

The overlap integrals over NISTOs are defined as
Sn*lm,n/*l/m (f’ §/§ ﬁ) = / X:*lm ({, Fa)Xn/*l/m ({/’ Fb) dv. (1)

Here, the normalized NISTOs with nonintegral value of principal quantum num-
ber are determined as

Kot (6. F) = QO FI[r@n* + D] T2 e 8, 0, ), )

where n* is a noninteger principal quantum number and S, is a complex or real
spherical harmonic; ¢ is the screening constant and I'(x) is the gamma function
[9]. The normalized ISTOs can be obtained from equation (2) for n* = n where
n is an integer:

Koim (€. F) = QO[22 e S (0. ). 3)

3.  Series expansion relations in terms of overlap integrals over integer n STOs

With the calculation of overlap integrals over NISTOs, equation (1), we
shall require the formulas for the expansion of NISTOs in terms of integer n
Slater-type orbitals (ISTOs). For this purpose we utilize the one-center expansion
formulas for NISTOs in terms of ISTOs obtained with aid of complete ortho-
normal sets of W exponential-type orbitals (¢¥*-ETOs) [8]:

N
Yortm (€.7) = Jim > VY () Xy (¢ 7). )
u=I+1

where « = 1,0, —1,-2,... and t = (¢ — ¢')/(¢ + ¢’). Here, the expansion coeffi-
cients VN are determined as follows:

N
r(n*+up—a+1)

Voka/ 1) = Qa/l N

el w1 (1) Mg;rl wi )[r(zn*+1)l“(2u—2oz+1)]l/2

(14 1)+ (1 = pr—o+s, (5)
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We notice that in the case of integer values of n* (n* = n) the coefficients
V,fiflv ul (t) for t =0 are reduced to the Kronecker symbol, i.c.,

VY 11(0) = 8uudun. ®)

In order to evaluate the integral (1) we use equation (4) for the one-center
expansion of NISTOs in terms of ISTOs. Then, it is easy to obtain the following
expressions through the overlap integrals over ISTOs with the same and different
screening constants, respectively:

N N’
Sn*lm,n/*l/m (p,1) = lim z Z V:fk[l\jul(t)v,gg/,ﬂ/l/sulm,u/l/m (P/, 0)» (9)

N,N'—o0
n=Il+1p'=l'+1

N N’
Sntimnt'm (D5 1) = N 11\}/1200 Z Z Vy:)g‘]l\{ul V,gg/vu/l/sulm,u/l/m (p, 1), (10)
’ p=1+1 w=1'+1
where p = 2(c+¢"), p' = R¢, VY 1y = VEY 11O0), Sustmontm (P2 1) = Sustmontim
(¢,¢"sR), and Sumwrm (P1) = Sumawrm (C.¢'; R). The overlap integrals
Suim.n'rm (p, t) between the normalized ISTOs occurring in equations (9) and
(10) are defined as

Snlm,n/l/m (p’ t) = / X;lk[m ({, Fa)Xn/l/m (4/7 ;:b) dv. (11)

For the calculation of overlap integrals over ISTOs, equation (11), in our
previous works [10, 11] the sets of recurrence relations and analytical formulas
were presented. This algorithm is especially useful for the computation of over-
lap integrals for large quantum numbers of ISTOs appearing in the series expan-
sion formulas for the multicenter multielectron molecular integrals.

The overlap integrals with NISTOs, equations (9) and (10), can be calcula-
ted by the use of computer programs for the overlap integrals over ISTOs pre-
sented in [10-13].



1530 LI Guseinov and B.A. Mamedov | Slater type orbitals with noninteger principal quantum numbers

10-dSL6TIYSY00ESLET 8
10-d¥8011€L8CL68896°6
10-dETI8SEYIEI0V0V8 6
¥0-49608¢886C6101C0S ¥—
10-H1SETESILTIVYOLOS |
10-H€C98CSTBB6TIE €
C0-H99LSSTBLOIYSEO'T
10-d¥9SSPSyeorIE8ye T
10-dCr69L¥68899'8  10-H1€T866990568899°8
10-369€690C0806C  10-d6160¥C£60C0806°C
10-H096¥IEPELIOTT 10-HIPECTEYBISEVELIO T

10-4685007€8S6CILET
10-H8¢S0E88CL68896°6
10-d8CC08EY9E 1070786

10-HIL8LYIEIYY6L08 ]
10-995€6¥19160686C9¢"¢
C0-JLBS6SLEIBO8IVSE6T
10-S0ETTIS60LSYIE8YET
10-4L09996190568899°8
10-9L9L8Y60£¥0C0806'C
10-490618009CvEL10°]

CO-HILIO8YLICEG'T
10-HIES8PPIE8YET

10-H1¥LC989S810LLET 8
10-91¥LT810€L68896°6
10-d¥99¥8EY9€ 1010786

[0-HEESYTIBLTIVYOLO8 T
10-d¥Tr61L¥9886C9¢ ¢
C0-dST0TCETI0LOIYSE6T

10-49008116109¥1£81€C
10-d1€7866990568899°8
10-dvevr1€865¥0C0806'C
10-48C96888Y1€vEL10°]

10-dCIPPTSIE10v0¥8°6

¥0-45999618¥6101C0S ¥— ¥0-HLOLTTSITISO6I0ICOS ¥— Y0-ATLOLYEYO6I0ICOS ¥—

10-d8€6SL89SLI6LOS T
10-9T99S19¥1886C9¢ €
C0-HT6L088996115€6'C
10-d¥8C8ILIOVIESYET
10-dLTLIEE90S68899°8
10-d8€¥S05910C0806°C
10-dPe6S6vIEVELIO ]

1’0
1o
1’0
0
00
€0
8789
ST0—
L1y
€/l
S0

$S0°0 900 ¥I ¥I 81 ¥I S°CI

$$0°0 90°0

$S0°0 900 9
8700°0 8000

8L 8
8T v

SL9

8’1 8¢'C
PST 1€°T

¢

14
9
4
6 ST0I ¢
14
[
0
14

L

T O = < Ao n

S1l
88
8L
L'e
Le
99
8¢
Y
€L

L
4

<t © —~ < & n o

0T Or 8¢CI 0T S°¢1

el
L8
L
9v
I'v
L'L
LS
8¢
€L

[9] souarajoy —-=n =0

0o=n

§ BONRUWRYIBIN UI (0T)
pue (g) suonenby

0o=n

0L ﬁﬁowﬁm oqangy, Em
(01) pue (g) suonenbyg

i

*, U

1

‘LT = ,N = N pue

s1ojoweIed JO soN[BA SNOLIBA IOJ SWAISAS 9)eUIPIO0d dn-paur] ur SQLSIN 10A0 S[eI3ajur de[IoA0 I9JUdd-0M) dY) JO sanfeA aAaneredwod oy,

[ |1qeL



LI Guseinov and B.A. Mamedov | Slater type orbitals with noninteger principal quantum numbers 1531

Table 2
Convergence of the series expansion relations for overlap integrals over NISTOs as a function
of summation limits for N = N'.

N Equation (9) for S5711.3.811 (2.38,4/17) Equation (10) for $13276,11.576 (0.06, 0.1)
11 0.8668894475103913 0.9840682484939571
12 0.866889464207532 0.9840407293306768
13 0.8668894874545716 0.9840401363432201
14 0.8668895007016616 0.9840401350076602
15 0.8668895055602754 0.9840401363152588
16 0.8668895066908764 0.9840401364339384
17 0.8668895066998231 0.9840401364384664

4. Numerical results and discussion

In this study, we proposed a new technique for the efficient computation
of overlap integrals with noninteger n* STOs, based on the usage of complete
sets of W¥-ETOs. An analysis of the numerical aspects and several numerical
tests confirmed that the convergence and the numerical stability of the relevant
formulas are guaranteed. Besides having an excellent convergence rate, the pro-
posed method is perfectly general, valid for arbitrary values of quantum num-
bers, screening constants and internuclear distances. On the basis of formulae
(9) and (10) we constructed a program for the computation of overlap integrals
over NISTOs using Turbo Pascal 7.0 language and Mathematica 5.0 internatio-
nal mathematical software. One can determine the accuracy of computer results
obtained in this work for the overlap integrals over NISTOs using different sets
of W¥-ETOs. The examples of computer calculation for the overlap integrals over
NISTOs are shown in table 1. As can be seen from table 1 that the calculated
values of overlap integrals over NISTOs for « = 1,0, —1 show a good rate of
convergence with the literature for the arbitrary values of parameters. Greater
accuracy is attainable by the use of more terms in the series expansion formu-
las (9) and (10). The better accuracies can be obtained, if required, by the use
of large number of summation terms.

Table 2 lists partial summations corresponding to progressively increasing
upper summation limits of equations (9) and (10) for N = N’. We see from
table 2 that the equations (9) and (10) display the most rapid convergence to the
numerical result, with eleven digits stable and correct by the 17th terms in the
infinite summations.
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